We calculate the massive flavor non-singlet Wilson coefficient for the heavy flavor contributions to the polarized structure function g 1 (x, Q 2 ) in the asymptotic region Q 2 m 2 to 3-loop order in Quantum Chromodynamics at general values of the Mellin variable N and the momentum fraction x, and derive heavy flavor corrections to the Bjorken sum-rule. Numerical results are presented for the charm quark contribution. Results on the structure function g 2 (x, Q 2 ) in the twist-2 approximation are also given.
Introduction
Massless and massive contributions to the unpolarized and polarized structure functions in deepinelastic scattering exhibit different scaling violations. For a precise determination of the QCD scale Λ QCD or the strong coupling constant α s (M 2 Z ) their precise knowledge is therefore of importance [1] . In the case of the polarized structure function g 1 (x, Q 2 ) the complete heavy flavor corrections are only available at 1-loop order [2, 3] 1 . At higher orders in the coupling constant, the heavy flavor contributions were calculated in the asymptotic region Q 2 m 2 based on the factorization derived in Ref. [5] . Here Q 2 denotes the virtuality of the exchanged gauge boson and m the heavy quark mass. The O(α 2 s ) corrections in the polarized case were calculated in Refs. [6, 7] . In the case of the structure function g 1 (x, Q 2 ), the 1-loop heavy flavor corrections have been accounted for at next-to-leading order (NLO) QCD analysis [8] . The corresponding flavor non-singlet corrections in the unpolarized case were calculated for pure photon exchange to O(α 2 s ) in [5, 9] and in Ref. [10] to O(α 3 s ).
In the present paper we calculate the O(α 3 s ) massive flavor non-singlet Wilson coefficient for the inclusive structure function g 1 (x, Q 2 ) in the asymptotic region Q 2 m 2 , and also present the corresponding O(α 2 s ) result, extending Refs. [6, 7] . The differential cross section for polarized deep-inelastic scattering [11] [12] [13] is given by Here α = e 2 /(4π) denotes the fine structure constant, M is the nucleon mass, S = (p + l) 2 is the center of mass energy of the lepton-nucleon system, with p and l the nucleon and lepton 4-momenta, respectively, q = l − l is the 4-momentum transfer and Q 2 = −q 2 . x = Q 2 /(2p.q) and y = p.q/p.l are the Bjorken variables. λ and ϕ denotes the angle between the vectors of the spin and the outgoing lepton. It contributes in a non-trivial way in the case of transverse polarization. The polarized structure functions are denoted by g 1 (x, Q 2 ) and g 2 (x, Q 2 ). In the leading twist approximation, the heavy flavor contributions to the structure function g 1 (x, Q 2 ) is given by, cf. [14] ,
1 For an implementation in Mellin space, see [4] . (1.6)
The actual flavor non-singlet distribution is defined by
However, according to the representation (1.5), we will consider its whole first term, depending on L NS q,1 as the non-singlet contribution in what follows. The structure function g 2 (x, Q 2 ) can be obtained from g 1 (x, Q 2 ) using the Wandzura-Wilson relation [15] . The paper is organized as follows. In Section 2 we calculate the heavy flavor contributions to the non-singlet Wilson coefficient in the asymptotic region Q 2 m 2 to the structure function g 1 (x, Q 2 ) to 3-loop order in the strong coupling constant. We present the results both in Mellin N and x-space. Numerical results are given in Section 3. Consequences for the polarized Bjorken sum rule are discussed in Section 4, and Section 5 contains the conclusions.
The Wilson Coefficient
The heavy flavor non-singlet Wilson coefficient contributing to the structure function g 1 (x, Q 2 ) in the asymptotic region Q 2 m 2 receives its first contributions at O(α 2 s ). In previous analyses [6, 7] the tagged flavor case at O(α 2 s ) has been considered. In what follows we will refer to the inclusive case, i.e. the complete contribution to the structure function g 1 (x, Q 2 ), and consider the terms due a single heavy quark.
The non-singlet heavy flavor Wilson coefficient contributing to the structure function
Here A NS qq,Q is the massive non-singlet operator matrix element (OME) and the label 'N F + 1' symbolically denotes that the OME is calculated at N F massless and one massive flavor,
2 parameterizes the strong coupling constant, and we use the convention
The calculation of the different contributions to the Wilson coefficient is performed in D = 4 + ε dimensions to regulate the Feynman integrals. In the present polarized case the treatment of γ 5 has to be considered. In the flavor non-singlet case both for the massive OMEs and the massless Wilson coefficients γ 5 always appears in traces along one massless line and there is a Ward-Takahashi identity which implies the use of anti-commuting γ 5 . The inclusive massive OME A NS qq,Q to 3-loop order for even and odd moments N has been calculated in Ref. [10] . The corresponding diagrams have been reduced using integration-byparts relations [17] applying an extension of the package Reduze 2 [18] 2 . The master integrals have been calculated using hypergeometric, Mellin-Barnes and differential equation techniques, mapping them to recurrences, which have been solved by modern summation technologies using extensively the packages Sigma [21, 22] , EvaluateMultiSums, SumProduction [23] , ρsum [24] , and HarmonicSums [25] .
The massless Wilson coefficients C q,g 1 (x, Q 2 ) from 1-to 3-loop order were calculated in Refs. [26] [27] [28] [29] . At 3-loop order those of the structure function g 1 are obtained by that of F 3 [29] , setting the d abc terms inĈ (3) ,NS q,g 1 (N F ) to zero, cf. also [30, 31] . The non-singlet OMEs A (k),NS qq,Q at 2-and 3-loop order were calculated in [5, 9] and [10] , respectively.
For comparison, the massless flavor non-singlet Wilson coefficient in Mellin space is given by [28, 29] 
In Mellin N space the Wilson coefficient can be expressed by nested harmonic sums S a (N ) [32] which are defined by
In the following, we drop the argument N of the harmonic sums and use the short-hand notation S a (N ) ≡ S a . The Wilson coefficients depend on the logarithms 5) where the renormalization scale has been set equal to the factorization scale µ = µ R = µ F . As a short-hand notation we define the leading order splitting function ∆γ .
The massive Wilson coefficient for the structure function g 1 (x, Q 2 ) in the asymptotic region in Mellin space in the on-shell scheme is given by
The package Reduze 2 uses the packages Fermat [19] and Ginac [20] . 
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Here the color factors are given by
, and N c = 3 in the case of Quantum Chromodynamics.Ĉ NS, (3) q,g 1 (N F ) denotes the massless Wilson coefficient at 3-loop order, cf. (2.2), and the polynomials P i are given by We would like to note that we disagree with the O(a 2 s ln(Q 2 /µ 2 )) terms given in [28] , but agree with the representation in [29, 51] .
One obtains the analytic continuation of the harmonic sums to complex values of N by performing their asymptotic expansion analytically, cf. [33, 34] .
3 Furthermore, the nested harmonic sums obey the shift relations
through which any regular point in the complex plane can be reached using the analytic asymptotic representation as input. The poles of the nested harmonic sums S a (N ) are located at the non-positive integers. In data analyses, one may thus encode the QCD evolution [35] together with the Wilson coefficient for complex values of N analytically and finally perform one numerical contour integral around the singularities of the problem.
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In x-space the Wilson coefficient is represented in terms of harmonic polylogarithms [37] over the alphabet {f 0 , f 1 , f −1 }, which were again reduced applying the shuffle relations [38] . They are defined by
The Wilson coefficient is represented by three contributions, the (...) + -function term, the δ(1−x)-term, and the regular term. Here the +-distribution is defined by
One obtains 
Again, we used the short hand notation H a (x) ≡ H a also here. The transformation of the Wilson coefficient to the MS scheme for the heavy quark mass affects the massive OME at 3-loops and was given in Ref. [10] ; the terms are the same in the unpolarized and polarized case. The non-singlet contributions to the structure function g 2 (x, Q 2 ) can be obtained via the Wandzura-Wilczek relation [15] 
where both structure functions refer to the twist-2 contributions. This relation is implied by a relation of the OMEs in the light-cone expansion, cf. [39] . The relation has also been proven in the covariant parton model in Refs. [40] [41] [42] . For gluonic initial states, it was derived in [43] . Eq. (2.62) also holds including target mass corrections [44, 45] and finite light quark contributions [45] . Furthermore, it holds in non-forward [46] and diffractive scattering, including target mass corrections [47, 48] .
Numerical Results
In what follows, we will choose the factorization and renormalization scale µ 2 = Q 2 . We first study the behaviour of the massive and massless Wilson coefficients in the small and large x region and then give numerical illustrations in the whole x-region.
At small x, the pure massive Wilson coefficient behaves like
while in the region x → 1 one obtains
There is a term ∝ ln
), being of relevance for different choices of the factorization scale.
The above results can be compared with the case of the massless Wilson coefficient
The small x behaviour can be compared with leading order predictions for the non-singlet evolution kernel in Refs. [49, 50] . Indeed both the massive and massless contributions follow the principle pattern ∼ c k a k+1 s ln 2k (x). However, as is well known [49] , less singular terms widely cancel the numerical effect of these leading terms. For the large x terms the massless terms exhibit a stronger soft singularity than the massive ones.
In the following numerical illustrations we use the polarized parton distributions of Ref. [8] , which are of next-to-leading order (NLO), since no next-to-next-to-leading order (NNLO) data analysis based on the anomalous dimensions calculated in Ref. [51] has been performed yet. The values of α s correspond to those of the unpolarized NNLO analysis [52] . The heavy and light flavor Wilson coefficients being discussed in the following are given in Eqs. (2.2) and (2.3).
In Figure 1 , the 2-and 3-loop heavy flavor corrections to the non-singlet term of the structure function xg 1 (x, Q 2 ) are calculated in the case of charm, assuming m c = 1. | NS is about doubled. To resolve relative effects of O(2%) requires higher luminosities than available in present day experiments. They may become available in the planned experiments at a future EIC [54] . Figure 6 shows the 2-and 3-loop charm flavor non-singlet contributions to the structure function xg 2 (x, Q 2 ) according to the Wandzura-Wilczek relation (2.62) implying the oscillatory behaviour. In size these effects are comparable to those of the structure function xg 1 (x, Q 2 ) shown in Figure 1 . With growing Q 2 the effects become somewhat smaller. In Figure 7 we show the corresponding massless contributions to the structure function g 2 (x, Q 2 ) at Q 2 = 4 GeV 2 for the different orders in a s , which slightly diminish adding higher order contributions. Taking into account the O(a 
The Bjorken Sum Rule
The polarized Bjorken sum rule [55] refers to the first moment of the flavor non-singlet combination choosing the renormalization scale µ 2 = Q 2 , cf. [28] for SU (3) c . Here N F denotes the number of active light flavors. The expression for general color factors was given in Ref. [31] .
For the asymptotic massive corrections (2.2) only the first moments of the massless Wilson coefficientsĈ (2, 3) ,NS q,g 1 (N F ) contribute, since the first moments of the massive non-singlet OMEs vanish due to fermion number conservation, a property holding even at higher order. Therefore, any new heavy quark changes Eq. (4.2) by a shift in N F → N F + 1 only, for the asymptotic corrections. Different results are obtained in the tagged flavor case [5, 7] at O(α 2 s ), where no inclusive structure functions are considered. Corresponding power corrections were derived in [59, 60] .
Conclusions
We calculated the heavy flavor non-singlet Wilson coefficients of the polarized inclusive structure function g 1 (x, Q 2 ) to O(α 2 ) can be obtained using the Wandzura-Wilczek relation (2.62) [15] , cf. [39] [40] [41] [42] 45] . The asymptotic Wilson coefficient is obtained by using the factorization formula [5] , Eq. (2.2), based on the massive OME [10] and the massless Wilson coefficient [29] to 3-loop order. The heavy flavor Wilson coefficient can be thoroughly represented by nested harmonic sums in Mellin-N space and by harmonic polylogarithms in x-space. We presented numerical results corresponding to the charge weighted polarized parton contributions ∝ ∆f (x, Q 2 ) + ∆f (x, Q 2 ), cf. (1.5), referring to the polarized parton distribution functions at NLO [8] for an illustration. Comparing with the corresponding massless cases the heavy flavor corrections in case of charm are of O(1 − 2%), requiring high luminosity experiments to be resolved, which are planned for the future electron-ion collider EIC [54] . We also considered the contribution of the asymptotic Wilson coefficient to the polarized Bjorken sum-rule. Due to fermion number conservation for the massive flavor non-singlet OME in all orders in α s , only the first moment of the massless Wilson coefficient contributes and the effect of each heavy flavor results in a shift of N F by one unit in the expression for the massless polarized Bjorken sum-rule. The results of the present calculation could be easily applied to derive the asymptotic heavy flavor corrections to the neutral current structure function xG 3 , [61] . However, the corresponding massless Wilson coefficient to 3-loop order has not been calculated yet. Figure 6 : The 2-and 3-loop non-singlet charm contributions to the twist 2 contributions of the structure function xg 2 (x, Q 2 ) by the asymptotic heavy flavor Wilson coefficients in the on-shell scheme. 
